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An Almost- Prlme Sleve in Algebralc Number Fleld
o Kong-ching Lee

- LetK be a real quadratic number field with ‘thg discriminant ' d,
z a positive ‘number and P=P(z)=T p , where N denotes ‘ffle, norm, For
the integers & and @ in K we defirf:z’ﬁ(é)_ to be the greatest common .
divisor of: E-a and P(z); Let ftk denote the set of integers FE-V in the
lb'ectangul.arv . ' | | |
08z, 0<<E/Sx
V(6(§))<K,

where _V(d’)ls the number of distinct prime factors of xdeal 4»6' and &’

such that

‘the conjugate of &,
In this paper we will estimate the number of elements of ﬂ;, We

need the following lemmata,

‘Lemma 1: Let pk(m,) p(u}( l)k“(vckm'l)__l) ,

”then kam)zl:g: plo) (—1)¢ CVC‘?«) ).

Proof  : Since

;Tgi(.q )‘%V(ml) 1)+2( —1)'” ‘(V(mffl ).:
:('—i et (V-CI_LI)“I_ ) v
Helnce we have
ﬂk(MD—‘EA .ﬂ(m) (=1 (V(u) )

The function #k( 7) has the following prOpe)l':_t"y:

HEE+1®B #i*ﬂﬁ?b%’i
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Lemma 2: If qu)<k Z/zk(m,) 1,1f V(o;)>k zofy (m)—o

Proof If V(”})<k then V(‘UL)<k 1 for each ulm. hence» |

ﬂk(‘D‘L) :l:é: /1 (n) ( _1 ) ( vclm))
D)

__/,z(m)z ( 1),(v(n))

1, lf 11:(1)

Iherefo;e, |
B RS T
| bk
If v(‘v} )=k, we have
e . TS, RN ALLE
_%q(z () uﬁzgo”@)( ) ( L)
vih v(4 k—1 ’
=3 (TP O3 (<)
i v v
=3 (1) 3 (=1 ("PH
T k—1 L vy
=2, (CDOE IR CPHE

7_ k—1 o v(H -
B G DGMUDININES DLl GG
=0, for the _-"inﬁer sum is equal to 0,

Now, we define the function ¢.(¢)to be the number of & mod @ such
that V(E 7)<k, then we have

Lemma 3 : For n square free, ) v$0k-(q‘)
ag Nou  Nw
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Proof :ng(v}_)‘= > 1= ¥ Z/lk(ﬂ-)

& mod? . g mod ? u‘
V(f’v’)d: ﬂl’}
= 2mlm) X -
M'.) fmod‘q'
7 £z0 (mod?l)
= Rk S

‘ Hencer'
ﬂk(at) 9”1:(”1')
‘ujp N® Nv-f

Lemma 4: Let 6(3m)= ﬁ%} (005 t'hén we ‘yaye the following :
V(W s m |
D If k>V(‘-’0})or k>m, then 6, (% ,m)=1
@1If k<V(%)<m,then 6(%,m)=0 |
- @ If k<m<V(Vf D, then 0,,(3{ ,m)/O or <0 accordmg as m—l—k is

"odd or even,

Proof :(1) follows directly from the definatio_n of s
| If kgV(?}’)<m,'then V(?})<'m for _ever__y [y, so we have

ﬁk(q,m)* E‘j} Ki(n)= Z pk(m)_o Wthh proved (2)
- V(¢ m )

If k<m<V(vf) Let P’ be the product of k dxstlnct prime

lelSOl‘S of n, then

OGm= 5 ommy= X X m(st)
o L T T
Vm)€m V(6)¢ m vrt)<m—v(&) .
_ z (’;I)k—xﬂ(‘j : Z, - ﬂ(t)(vu,ﬁ) 1
v?&)ﬁ) n vct)gul:—vcﬂ—)
=3 ,C-ID‘”ﬂ(e) z () (- 1)1("‘@’“‘*)
£l 1
RS ‘ : : ,
= 3, (=1 'i";( Dt el ) by
£l | | k-1
v <nm ,

# square free
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The inner sum is >0, hence we have

M= 0, if k4+m is odd
0. 3m)<0,if k+m is even

and

Choosing m so that k+m is even, then

S omep=f< T S 2c()

0<fsx Bfa) , 0<fsx LAy
0<8'sx V(%) <m=1 056'5x’ V(R><m

by lemma 4, The main term of #A, is

xx’ s 2()
Ja ie N

Now " k _ ’
Ha() (T
z. ) ; 2 m
9 N% 4 Ng 3%”(“)

V(R <m
by lemma 2, Therefore, by a well-known calculation, we have
o

s 2o

Ha(m)M(m) V( n)

k
=X > (= 1)““’( 9):(—)
 q» N% o, NP =t w
?('?)T‘m : (P) . V(ﬂ)
_EB) o sty § gy Y(1H+T(50)
NP wfr Sﬁ(m) t=1
+-t Tx—l.(ﬁ,)}
thh T, (m)_ 2 , where the star on the summation denotes
o) | o |

that £ runs through the products of i distinct Dri‘me'_factoi's of 1.

For k=1, we have

: (B o(P) | tm(mpm AT
#f» N NP =i» o(m) wie o(1)

YP<m )

where W(z)= T (1— —)

N'Kz NP-
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For k=2, we have

m(q)_&o(?) ()

HE+E HRXE

N = (1+T (—) V("Z))
5 ﬁ%". N . NP 4 o(m) '
U (n)
- m(m) » . R
—w(s) 3 SelmnT (1+T(D=Ta=V (1))
‘an. o(m) - v
o a(dp(m) (M)
—-W(z)(1+T(z)) 3 B A W(z )ELL-Ln‘
- Wp o(m) - “wje $0(W)
ere z) T, = A
N'_sz Nr'-'-l ’ pin N,L 1 : Hﬂ. NP'—

Now following Halberstam and Rlchert ([1],pp48 50) we have, :
for log z < v Tog xx’ ’
LSS 2 W(z)T(z>{1+0<e NES)

V(jr)<m )
The error term of ‘-‘Rx is evidently 0(4+/ xx7),so we 'h'avc:.”prdved
Theor;em.l . If.z‘/ log z< 1/ Tog xx , @ is an mteger in K and -
| A={8;0<E< x,o<5<x',(§ a,p(.z)}_1}, then
R ;—%W(z){rﬁwce-v_fw =)} 40 (V)
and
Theorem 2 : If z >3, log z< 4 108 7, @ is an 1nteger in K, an/ci
Pc;={€ H 0<$<X 0< &< X', and £ ~a has at most one
prime factor r with Np< z}, then .
A= 2) T(2) {140 (e F=)} 4 0 (¥ =) »
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